We extend the recently constructed double field theory formulation of the low-energy theory of the closed bosonic string to the heterotic string. The action can be written in terms of a generalized metric that is a covariant tensor under O(D, D + n), where n denotes the number of gauge vectors, and n additional coordinates are introduced together with a covariant constraint that locally removes these new coordinates. For the abelian subsector, the action takes the same structural form as for the bosonic string, but based on the enlarged generalized metric, thereby featuring a global O(D, D + n) symmetry. After turning on non-abelian gauge couplings, this global symmetry is broken, but the action can still be written in a fully O(D, D + n) covariant fashion, in analogy to similar constructions in gauged supergravities.
Introduction and Overview
Recently, a 'double field theory' extension of the low-energy theory of closed bosonic strings has been found, in which the T-duality group O(D, D) is realized as a global symmetry by virtue of doubling the coordinates [1] [2] [3] [4] (see also [5] [6] [7] [8] [9] [10] and [11] for a review). More precisely, the conventional low-energy effective action for the metric g ij , the Kalb-Ramond 2-form b ij and the dilaton φ, S = dx √ ge −2φ R + 4(∂φ) 2 − 1 12
where H ijk = 3∂ [i b jk] , can be extended to an action written in terms of the 'generalized metric' 
with derivatives ∂ M = (∂ i , ∂ i ). This action is also invariant under gauge transformations parametrized by ξ M = (ξ i , ξ i ), which take the form of 'generalized Lie derivatives' L ξ , 6) for arbitrary fields and parameters A, B. The first condition is the level-matching condition for the massless fields in closed string theory. The second condition is a stronger constraint that requires also all possible products to be annihilated by ∂ M ∂ M . This strong constraint implies that locally there is always an O(D, D) transformation that rotates into a T-duality frame in which the fields depend only on half of the coordinates, e.g., being independent of thex i .
If the tilde coordinatesx i are set to zero, the action (1.3) reduces to the low-energy action (1.1), as required. Moreover, if these coordinates are set to zero in (1.4), the gauge transformations reduce to the familiar diffeomorphisms generated by ξ i and the Kalb-Ramond gauge transformations generated byξ i .
In this paper we are concerned with the extension of the above construction to the heterotic string [12] . In its low-energy limit, this theory is described by an effective two-derivative action whose bosonic terms extend (1.1) by n non-abelian gauge fields A i α , α = 1, . . . , n, [13] ,
where
is the non-abelian field strength of the gauge vectors, and the field strength of the b-field gets modified by a Chern-Simons 3-form,
(1.9)
Here g 0 denotes the gauge coupling constant and κ αβ is the invariant Cartan-Killing form. With the gauge field transforming as 11) such that (1.9) is invariant. At the level of the classical supergravity action, the gauge group is arbitrary, but in heterotic string theory it is either SO(32) or E 8 × E 8 .
In sec. 2 we show that for the abelian subsector the double field theory extension of the heterotic string is straightforward. To this end, the coordinates are further extended by n extra coordinates y α and, correspondingly, the generalized metric (1.2) is enlarged to a (2D + n) × (2D + n) matrix that naturally incorporates the additional fields A i α in precise analogy to the coset structure appearing in dimensional reductions. This suggests an enhancement of the global symmetry to O(D, D + n). Indeed, if we formally keep the action (1.3) and the form of the gauge transformations (1.4), but with respect to the enlarged H M N , we obtain precisely the (abelian subsector of the) required action (1.7) and the correct gauge transformations in the limit that the new coordinates are set to zero. In this construction, the number n of new coordinates is not constrained, but the case relevant for heterotic string theory is n = 16, where the y α can be thought of as the coordinates of the internal torus corresponding to the Cartan subalgebra of SO(32) or E 8 × E 8 .
In sec. 3 we turn to the non-abelian extension. In this case the group O(D, D + n) is broken. More precisely, the reduction of the low-energy effective action (i.e., of heterotic supergravity) on a torus T D gives rise to a theory with a global O(D, D + n) symmetry only in the abelian limit g 0 → 0 [21] . Remarkably, however, we find that the action can be extended to incorporate the non-abelian gauge couplings in a way that formally preserves O(D, D + n), where n equals the dimension of the full gauge group. We write the extended action in terms of a tensor f M N K , which encodes the structure constants of the gauge group, and the generalized metric H M N . The consistency of this construction requires a number of O(D, D + n)-covariant constraints on f M N K . Apart from standard constraints like the Jacobi identities, there is one novel differential constraint in addition to (1.6), which reads
(1.12)
Moreover, the gauge variations parametrized by ξ M get deformed by f M N K in that, say, a 'vector' V M transforms as
where L ξ denotes the generalized Lie derivative as in (1.4) . Thus, the ξ M gauge transformations represent a curious mix between diffeomorphism-like symmetries (which simultaneously treat each index as upper and lower index) and the adjoint rotations with respect to some Lie group.
The invariance of the action under these deformed gauge transformations then requires new couplings to be added to (1.3), whose Lagrangian reads (without the e −2d prefactor)
(1.14)
Despite the O(D, D + n) covariant form of the action, any non-vanishing choice for the f M N K will actually break the symmetry to the subgroup that leaves this tensor invariant, because f M N K is not a dynamical field and therefore does not transform under the T-duality group. For instance, if we choose f M N K to be non-vanishing only for the components f α βγ that are the structure constants of a semi-simple Lie group G, the remaining symmetry will be O (D, D) × G, where G is the rigid subgroup of the gauge group. In this case, the new couplings (1.14) precisely constitute the non-abelian gauge couplings required by (1.7), while the gauge variations (1.13) evaluated for H M N reduce to the non-abelian Yang-Mills transformations.
It should be stressed that the abelian and non-abelian cases are conceptually quite different. The abelian case is closely related to the original construction in [1] . Specifically, if we choose n = 16, the constraint (1.6) can be interpreted as a stronger form of the level-matching condition. Moreover, the winding coordinatesx i and the y α have a direct interpretation in the full string theory. In contrast, the non-abelian case requires the new constraint (1.12), which has no obvious interpretation in string theory, and formally we introduce as many new coordinates as the dimension of the gauge group, i.e., n = 496 for the case relevant to heterotic string theory. However, the number n is a free parameter at the level of the double field theory constructions discussed here, and therefore we will not introduce different notations for n in the two cases.
We note that the constraint (1.12) effectively removes the dependence on (some of) the extra coordinates. More precisely, a subtle interplay between the constraints (1.6) and (1.12) and the unbroken part of the T-duality group guarantees locally independence on the 'unphysical' coordinates, as we will discuss in sec. 4. It is amusing to note that this construction has a superficial similarity to attempts in the early literature on heterotic string theory that aimed at realizing this theory through some Kaluza-Klein type reduction from 496+10 dimensions [14, 15] , but the details, in particular the physical interpretation of the extra coordinates, appear to be different. (See also the more recent work [16] , which has some relevance for the abelian case discussed in sec. 2.) Interestingly, the results on the non-abelian case are analogous to constructions of gauged supergravities based on the so-called embedding tensor formalism (see [17] for a review and references therein). In this formalism, the deformation of an ungauged supergravity with a certain duality group G into a gauged supergravity is parametrized by the embedding tensor that is formally a tensor under G and which is the analogue of the tensor f M N K above. Even though the G-invariance is ultimately broken for any choice of (non-vanishing) embedding tensor, all couplings induced by the gauging can be written in a G-covariant fashion. In particular, the scalar potential takes a form that is precisely analogous to the terms in the second line of (1.14). In gauged supergravity, however, the exact form of these couplings can only be determined by supersymmetry. It is remarkable, therefore, that in the construction to be discussed in this paper, the couplings (1.14) are uniquely determined by the bosonic symmetries (1.13) (apart from the last term which is constant and thus separately gauge invariant).
The original construction of double field theory is closely related to a frame-like geometrical formalism developed by Siegel in important independent work [18, 19] . The precise relation to the formulation in terms of a generalized metric is by now well-understood both at the level of the symmetry transformations [4] and the action [6] . Siegel's formalism as presented in [18] is already adapted to include the abelian subsector of the heterotic theory. Using the recent results of [6] , it is straightforward to verify the equivalence of this formalism with the generalized metric formulation in the abelian limit, which we do in sec. 5. Moreover, the formulation of [18] also allows for supersymmetric extensions. We therefore expect a supersymmetric version of the formulation discussed here to be possible. This we will leave, however, for future work, and we stress that whenever we refer in this paper to the heterotic string we mean, more precisely, the bosonic sector of the low-energy action. Finally, in the conclusions to the proceedings of Strings'93 [20] , Siegel also mentions the extension to the non-abelian case, with a deformation of the gauge variations as in (1.13) and a corresponding adaptation of the frame formalism, which we will discuss in detail in sec. 5.
Double field theory with abelian gauge fields
In this section we introduce the double field theory formulation for the abelian subsector of the low-energy theory of the heterotic string. We first define the enlarged generalized metric and then show that the action (1.3) and the gauge transformations (1.4) reduce to the required form when the dependence on the new coordinates is dropped.
Conventions and generalized metric
The coordinates are grouped according to 
Here, O(D, D + n) is the group leaving the metric of signature (D, D + n) invariant,
Here, we introduced κ to denote the matrix corresponding to the Cartan-Killing metric of the gauge group. In the present abelian case, this is simply given by the unit matrix, κ αβ = δ αβ , but we kept the notation more general for the later extension to the non-abelian case.
According to these index conventions, the derivatives and gauge parameters are
which combines the gauge parameters of diffeomorphism, Kalb-Ramond and abelian gauge transformations into an O(D, D + n) vector. The strong constraint (1.6) reads explicitly
for arbitrary fields and gauge parameters A and B. As for the bosonic theory, this constraint is a stronger version of the level-matching condition and it implies that locally there is always an O(D, D + n) transformation that rotates into a frame in which the fields depend only on the x i . We discuss this in more detail in sec. 4.
Next, we introduce the extended form of the generalized metric H M N and require that it transforms covariantly under O(D, D + n) ,
In analogy to the structure encountered in dimensionally reduced theories [21] , we make the ansatz
9) where gauge group indices α, β, . . . are raised and lowered with κ αβ , and
The generalized metric defined like this is still symmetric, H M N = H N M . Raising all indices with η M N , we obtain
(2.11) This is the inverse of (2.9), and so the generalized metric satisfies the constraint H M K H KN = δ M N . This implies that, viewed as a matrix, it is an element of O(D, D + n) in that it satisfies
The O(D, D + n) action (2.8) defines the generalized Buscher rules for the abelian subsector of heterotic string theory.
Gauge symmetries
We turn now to the gauge transformations of the component fields that follow from the extended form of the generalized metric (2.11) and the generalized Lie derivatives (1.4) with respect to the extended parameter (2.5). Specifically, we verify that for∂ i = ∂ α = 0 the gauge transformations of the component fields take the required form.
For the gauge variation of H ij we find
i.e., the metric g ij transforms as expected with the Lie derivative under diffeomorphisms parametrized by ξ i and is inert under the other gauge symmetries. For the component H iβ we infer
Together with the form of δ ξ g ij determined above, this implies for the gauge vectors
which represents the expected diffeomorphism and abelian gauge transformation. Finally, for the component H i j we derive
Using again the known form of the gauge transformation δ ξ g ij , this implies for the tensor defined in (2.10)
In order to derive the gauge transformation of b ij , we project this onto the symmetric and antisymmetric part,
The first equation is consistent with the gauge transformation of the gauge field as obtained above, while the second equation yields the gauge transformation of b ij .
To summarize, the gauge transformations in the limit∂ i = ∂ α = 0 read
For metric and gauge vector, these give the expected result, but for b ij a parameter redefinition is required in order to obtain (1.11). If we redefine the one-form parameterξ i according tõ
the gauge variation of b ij becomes
with the abelian field strength F ij α , in accordance with (1.11).
We close this section with a brief discussion of the closure of the gauge transformations. Using the form (1.4), one may verify that their commutator is given by
This has been proved in [4] in the original double field theory based on the generalized metric (1.2), but since this derivation requires only the general form of the gauge transformations (1.4) and the constraints (1.6), this result immediately generalizes to the present case. In the original case, this bracket ('C-bracket') reduces to the Courant bracket of generalized geometry for∂ = 0 [2, [22] [23] [24] . Let us see how this generalizes after adding the n additional components for ξ M . Setting now also ∂ α = 0, we obtain for the various components of (2.26) 27) which is unmodified and given by the usual Lie bracket,
which receives a new contribution involving Λ, and finally
which is the (antisymmetrized) Lie derivative of Λ. The Courant bracket is defined as a structure on the direct sum of tangent and cotangent bundle over the space-time base manifold M , (T ⊕ T * )M , whose sections are formal sums ξ +ξ of vectors and one-forms. Thus, for the given generalization it is natural to consider a bundle that is further extended to T ⊕ T * ⊕ V , where we identify the sections of V with the Λ α . The sections of the total bundle are then written as ξ +ξ + Λ, and in this language, the results (2.27), (2.28) and (2.29) can be summarized by
denotes the inner product, and i is the canonical product between vectors and one-forms. Here, the term on the right-hand side in the first line represents the vector part, the terms in the second line represent the one-form part, and finally the terms in the last line represent the V -valued part. For Λ = 0 this reduces to the Courant bracket.
The bracket (2.30) implies in particular that the abelian gauge transformations parametrized by Λ α close into the gauge transformations of the 2-form. This can also be confirmed directly from (2.21) and (2.22),
We stress, however, that this result depends on a choice of basis for the gauge parameters. In fact, after the parameter redefinition (2.23), the 2-form varies into the gauge invariant field strength according to (2.24) and thus the commutator trivializes.
The action
Let us now turn to the action (1.3) applied to the extended form (2.11) of the generalized metric. We show that for∂ i = ∂ α = 0 it reduces to the (abelian) low-energy action (1.7) of the heterotic string.
The relevant terms in the action, setting∂ i = ∂ α = 0, are given by
The last two terms are unchanged as compared to the original case without gauge vectors since the component H ij = g ij is unmodified. Thus, we only need to examine the first two terms. The first term reads
After some work, this can be simplified to
34)
Next we consider the second term in (2.32), which yields
To simplify the evaluation of these terms, it is convenient to work out the following structures separately,
Combining these three structures, we obtain
Finally, using (2.34) and (2.39), the reduced action (2.32) can be written as
(2.40)
Up to boundary terms, the terms in the first line are equivalent to the Einstein-Hilbert term coupled to the dilaton, compare eq. (3.18) in [3] . Thus, the reduced action coincides precisely with (1.7).
Non-abelian generalization
In this section we generalize the previous results to non-abelian gauge groups. This will be achieved by introducing a 'duality-covariant' form of the structure constants of the gauge group. While this object is not an invariant tensor under O(D, D + n) and so the T-duality group is no longer a proper symmetry, remarkably the action and gauge transformations can still be written in an O(D, D + n) invariant fashion.
Duality-covariant structure constants
We encode the structure constant in an object f M N K that formally can be regarded as a tensor under O(D, D + n), even though it is ultimately fixed to be constant and thus not to transform according to its index structure. To be specific, let us fix an n-dimensional semi-simple Lie group G whose Lie algebra has the structure constants f α βγ . Then we can define
This is not an invariant tensor under O(D, D + n), rather it will break this symmetry to O(D, D) × G. The advantage of this formulation is, however, that the explicit form of the prototypical example (3.1) is not required for the general analysis: it is sufficient to impose duality-covariant constraints, which in general may have different solutions.
Let us now turn to the constraints. First, we require that η M N is an invariant tensor under the adjoint action with
This is satisfied for (3.1) with η M N defined by (2.4), and we recall that the component η αβ is identified with the invariant Cartan-Killing form of G. Together with the antisymmetry of f M N K in its lower indices, the constraint (3.2) implies that f with all indices raised or lowered with η is totally antisymmetric,
Next, we require that f M N K satisfies the Jacobi identity
which is satisfied for (3.1) by virtue of the Jacobi identity for f α βγ .
Apart from these algebraic constraints, we have to impose one new condition in addition to the strong constraint (1.6): we require the differential constraint
when acting on fields or parameters. By (3.3) this implies that all derivatives act trivially that are contracted with any index of f M N K . For the choice (3.1) this implies ∂ α = 0, as we will prove below.
To summarize, we impose the O(D, D + n) covariant constraints (3.2), (3.4) and (3.5). Any f M N K satisfying these conditions will lead to a consistent, that is, gauge invariant deformation of the abelian theory discussed above. A particular solution of these constraints is given by (3.1) with ∂ α = 0 where, as we shall see below, the theory reduces to the non-abelian low-energy action of the heterotic string. We stress, however, that any solution obtained from this one by an O(D, D + n) transformation also satisfies the constraints. We will return to this point in sec. 4.
We close this section by introducing the modified or deformed gauge transformations. Each O(D, D + n) index will give rise to an adjoint rotation with the structure constants f M N K . In (1.13) we displayed this transformation for a tensor with an upper index,
and the transformation for a tensor with a lower index is given by
This extends in a straightforward way to tensors with an arbitrary number of upper and lower indices, such that the generalized metric transforms as
By virtue of the constraints (3.2), the O(D, D + n) invariant metric η is invariant under these transformations, δ ξ η M N = 0, which is a generalization of the analogous property in the abelian case. Moreover, the constraint (3.5) has two immediate consequences for these deformed gauge transformations. First, the partial derivative of a scalar transforms covariantly,
Second, any gauge transformation with a parameter that is a gradient acts trivially,
i.e., as for the abelian case there is a 'gauge symmetry for gauge symmetries'.
The non-abelian gauge transformations
Let us now verify that the deformed gauge transformations (3.8) indeed lead to the required non-abelian gauge transformations if we choose (3.1) and set∂ i = ∂ α = 0. The Yang-Mills gauge field transforms as
The b-field transforms according to (1.11) and thus its transformation rule is not modified as compared to the abelian case.
We apply (3.8) to particular components of H M N , where we focus on the new terms proportional to f M N K , which we denote by δ ′ . The variation of H ij does not receive any modification since by (3.1) the f -dependent term in (3.8) is zero for external indices i, j. Thus, the metric g ij is still inert under Λ transformations, as expected. For components with external index α, however, we find, e.g., 12) which amounts to the required transformation rule (3.11). Next, from H i j = −g ik c kj we infer that δc ij does not get corrected. In (2.10) the symmetric combination quadratic in A is invariant under the non-abelian part of (3.11), as one may easily confirm, and therefore we conclude that also δb ij does not get modified as compared to the abelian case, in agreement with (1.11). Thus, (3.8) yields precisely the required gauge transformations.
In the remainder of this subsection, we discuss the closure of the deformed gauge transformations. It is sufficient (and simplifies the analysis) to compute the closure on a vector V M whose gauge variation is given in (3.6). The commutator of two such gauge transformations is then given by
Using the constraints (3.5) and (3.4) it is now relatively straightforward to check that this can be rewritten as
where ξ
Thus, we have verified the closure of the gauge algebra and thereby arrived at a generalization of the C-bracket that is deformed by the structure constants
The C-bracket does not satisfy the Jacobi identities, but the resulting non-trivial Jacobiator gives rise to a trivial gauge transformation that leaves the fields invariant. The deformed bracket (3.16) has a similar property, which we investigate now. First, we evaluate the Jacobiator,
We compute from (3.16)
where we used the constraint (3.5). Using the Jacobi identity (3.4) we obtain after a brief computation
Here, J C is the Jacobiator of the C-bracket, which has been proved in [2] to be a gradient. Thus, we infer from (3.19)
where χ C is given in eq. (8.29) of [2] . We have seen in (3.10) that a gauge parameter that takes the form of a pure gradient gives rise to a trivial gauge transformation on the fields.
Thus, in precise analogy to [2] , the non-vanishing Jacobiator is consistent with the fact that the infinitesimal gauge transformations δ ξ automatically satisfy the Jacobi identity.
We finally note that, in analogy to the discussion at the end of sec. 2.2, the modified form of the gauge algebra is consistent with the closure property 
The non-abelian action
Next, we construct a deformation of the double field theory action parametrized by the f M N K in such a way that it is gauge invariant under (3.8) and leads to the required low-energy action.
For this we will start from the action written in Einstein-Hilbert like form [4] ,
where R(H, d) is given by
It is defined such that it is a scalar under generalized Lie derivatives, 24) which, together with the gauge variation (1.4) of the dilaton, implies gauge invariance of the action. Here we modify the form of R such that (3.24) be preserved under the deformed gauge transformations (3.8).
The result for the deformed scalar curvature is given by 25) and reduces for the abelian case f = 0 to the previous expression. Remarkably, the structure in the second line is precisely analogous to the scalar potential appearing for Kaluza-Klein reduction on group manifolds [25] and, for instance, in N = 4 gauged supergravity in D = 4 [26] . 2 We next verify that this action evaluated for (3.1) and∂ i = ∂ α = 0 gives rise to the required non-abelian form of the low-energy action of the heterotic string.
The non-abelian field strength with structure constants f α βγ is given by
while the field strength of the b-field is modified by the Chern-Simons 3-form and thus reads explicitlyĤ
We recall that here we do not indicate the gauge coupling constant explicitly, but rather absorb it into the structures constants. Using (3.26) and (3.27), the f -dependent non-abelian couplings in the low-energy Lagrangian in (1.7) are found to be
where the first line originates from the Yang-Mills terms and the second and third line from the non-abelian parts of the Chern-Simons 3-form.
To evaluate the new terms in (3.25), we define
where the R i are the respective terms in (3.25) (in the order given there). Setting∂ i = ∂ α = 0, the first term yields
Similar to the computation for the abelian case, one can simplify the above terms separately for those involving (∂g) and those not having derivatives of the metric. The result is
where the last equality follows from the definition of c ij in (2.10), and
Thus R 1 yields the first, third, and fourth terms in (3.28) if we choose the coefficients as in (3.29) . The other terms in (3.28) do not contain any derivatives and hence they should be obtained from R 2 and R 3 . The computation for R 2 and R 3 is rather direct:
and
where we have repeatedly used the total antisymmetry of f αβγ . The coefficient of R 2 in (3.29) has been chosen such that it matches the coefficient of the terms f 2 A 6 . Moreover, in order to eliminate the term f 2 A 2 , which is not present in Yang-Mills theory, the coefficient of R 3 is fixed to be − . Finally, in order to cancel the constant terms f αβγ f αβγ in R 2 and R 3 , the last term in (3.29) is required. In total, we have verified that (3.25) induces precisely the correct non-abelian terms.
Proof of gauge invariance
We turn now to the proof that the deformed action defined by (3.25) is invariant under the deformed gauge transformations (3.8). The unmodified R transforms as a scalar under the unmodified gauge transformations. We have to prove that its variation under the modified part of the gauge transformation, which is proportional to f , cancels against the variation of the new terms involving f .
Since all O(D, D + n) indices are properly contracted it is sufficient to focus on the subset of variations that are non-covariant and which we will denote by ∆ ξ . Specifically, in R the new non-covariant contributions originate from partial derivatives only. For instance, for the following structure the f -dependent terms in the gauge variation, denoted by δ ′ ξ , read
where the first term has been added by hand, which is allowed since it is zero by the constraint (3.5). The first two terms represent the covariant contributions, while the last term is noncovariant. We thus find
Since we saw that η M N can be viewed as an invariant tensor under the modified gauge transformations (3.8), we can derive from this result, by lowering indices with η, the following form
Moreover, from (3.9) we infer
Using this and (3.36), it is straightforward to see that all dilaton-dependent terms in (3.23) are separately invariant under the deformed part of the gauge transformations. For instance
easily follows with (3.5). All other d-dependent terms can also be seen to be gauge invariant by virtue of (3.5) . Similarly, the term involving a second derivative of H is gauge invariant,
where (3.35) has been used. Thus, we have to focus only on the terms in the last line of (3.23), whose variation with a little work can be brought to the form
These terms have to be cancelled by the variations of the new terms in R f .
There are various contributions to the gauge transformations of the f -dependent terms in (3.25) . First, the partial derivative of H in the first line transforms non-covariantly already under the unmodified part of the gauge transformations, but it can be easily checked, using eq. (4.36) from [4] , that this contribution is zero by (3.5). Next, we have to keep in mind that f M N P is constant and thus does not transform with a generalized Lie derivative with respect to ξ M . The resulting non-covariant terms can be accounted for by assigning a fictitious non-covariant variation to f (with the opposite sign),
where the constancy of f and (3.5) has been used in the final step. Using this, the variation of the f -dependent term in the first line of (3.25) can be seen to precisely cancel (3.41), which in turn fixes the coefficient of this term in R f uniquely.
Next, using (3.37), the term in the first line of (3.25) gives a variation proportional to f 2 ,
Thus, we get two contributions: one cubic in H and one linear in H. The cubic term is cancelled by the variation of the first term in the second line of (3.25) according to (3.42 ), which in turn fixes the coefficient of this term. The term linear in H is cancelled by the variation (3.42) of the second term in the second line of (3.25), which finally fixes the coefficient of this term. The last term in (3.25) is constant and thus trivially gauge invariant. In total, we have proved that the modified scalar curvature R f transforms as in (3.24), i.e., as a scalar, under the deformed gauge transformations (3.8), and thus that the Einstein-Hilbert like action (3.22) is gauge invariant.
The covariant constraints and their solutions
In this section we discuss the O(D, D + n) covariant differential constraints (1.6) and (1.12) and their solutions. Before that, we explain the relation of (1.6) to the level-matching condition in string theory.
Relation to level-matching condition
In the abelian case, for which (1.12) trivializes, the remaining constraint (1.6) has a rather direct relation to the level-matching condition of closed string theory. In the original double field theory construction for the bosonic string, the level-matching requires for the massless
where p i and w i are the momenta and winding modes on the torus, respectively. Upon Fourier transformation, this implies that in string field theory all fields and parameters need to be annihilated by the differential operator∂ i ∂ i . Here, we require the stronger form that also all products of fields and parameters are annihilated. Similarly, the extended form (2.6) and (2.7) of the constraint is the stronger version of the level-matching condition in heterotic string theory, which will be discussed next.
We start by recalling the (bosonic part of) the world-sheet action for heterotic string theory, which is given by [28] 
Here, X i ∼ X i + 2πk i , k i ∈ Z, denotes the periodic coordinates of the torus, and we have not displayed the non-compact coordinates. The X α are 16 internal left-moving coordinates, i.e., satisfying the constraint (∂ τ − ∂ σ )X α = 0. In this subsection, the indices a, b label the world-sheet coordinates τ, σ, and G, B and A are the backgrounds. We split the world-sheet scalars into left-and right-moving parts, X i = X i L + X i R , whose zero-modes are
Following the canonical quantization of [28] (see also the discussion around eqs. (11.6.17) in [29] ), the left-and right-moving momenta can in turn be written as
where the momentum and winding quantum numbers p i and w i , respectively, are integers as a consequence of the periodicity of the X i , while the q α take values in the root lattice of E 8 × E 8 or SO(32).
Let us now turn to the level-matching condition, where for definiteness we work in the GreenSchwarz formalism. We truncate to the massless subsector of the heterotic string spectrum with 16 abelian gauge fields, i.e., taking values in the Cartan subalgebra. In other words, we restrict to the massless spectrum with N = 0 andN = 1 and thereby truncate out the 480 remaining gauge fields, which appear for N = 0 andN = 0, were N andN are the number operators. The level-matching condition for this subsector is given by
where the normal ordering constants are a L = 1 and a R = 0. Inserting (4.4) into (4.5), we obtain
If we interpret the q α , like p i and w i , as the Fourier numbers corresponding to a torus, this condition translates in coordinate space precisely into the differential constraint (2.6). More precisely, the q α are vectors in the root lattice of E 8 × E 8 or SO(32) rather than T 16 , but these are topologically equivalent, and so we conclude that, in precise analogy to the case of bosonic string theory originally analyzed in [1] , the level-matching condition amounts to the differential constraint (2.6) (and, correspondingly, (2.7) represents the stronger form of this constraint).
We stress that the non-abelian case to be discussed in the next subsection is conceptually very different because it requires formally the introduction of 496 extra coordinates together with the novel constraint (1.12), which have no direct interpretation in the full string theory.
Solutions of the constraints
Next, we turn to the discussion of the solutions of the strong constraint. As in the bosonic string, we will show that all solutions of this constraint are locally related via an O(D, D + n) rotation to solutions for which fields and parameters depend only on the x i . To see this, consider the Fourier expansion of all fields and parameters, denoted generically by A, which take the form
where we indicated for simplicity only a single Fourier mode. The quantum numbers combine into a vector of
The strong constraint now implies that 9) for all a, b (which label the Fourier modes of all fields and parameters). Thus, all momenta are null and mutually orthogonal. In other words, they lie in a totally null or isotropic subspace of R 2D+n . The canonical example of such a subspace is given by a space with w i = q α = 0, corresponding to a situation where all fields and parameters depend only on the x i . Since the flat metric on R 2D+n has signature (D, D +n), the maximal dimension of any isotropic subspace is D. It is a rather general result, related to Witt's theorem (see the discussion and references in [3] ), that all isotropic subspaces of the same dimension are related by isometries of the full space, i.e., here they are related by O(D, D + n) transformations. In particular, one can always find an O(D, D + n) transformation to a T-duality frame where w i = q α = 0 and therefore one can always rotate into a frame where fields and parameters depend only on x i , as we wanted to show.
Next, we discuss the general non-abelian theory. In this case, the global O(D, D + n) symmetry is broken by a choice of non-vanishing structure constants f M N K and, therefore, we have no longer all T-duality transformations to our disposal in order to rotate into a frame in which the fields depend only on x i . This is, however, compensated by the additional constraint (3.5) which eliminates further coordinates for non-vanishing structure constants.
To illustrate this point, suppose that we choose f M N K as in (3.1), i.e., the only non-vanishing components f α βγ are given by the structure constants of a semi-simple Lie group G. We can view G as the subgroup of SO(n) that leaves the tensor f α βγ invariant, 3 and so the global symmetry group is then broken to O(D, D) × G, where we view G as the global subgroup of the gauge group. The constraint (3.5) can now be multiplied with the structure constants, which 10) where κ αβ is the Cartan-Killing form. As κ αβ is invertible for a semi-simple Lie algebra, we conclude ∂ α = 0, i.e., the constraint implies that all fields are independent of y α . The unbroken O(D, D) transformations can then be used as above in order to rotate into a T-duality frame in which the fields are independent ofx. In total, the constraints are still sufficient in order to guarantee that the dependence on the 'unphysical' coordinatesx and y is either eliminated directly or removable by a surviving T-duality transformation.
Let us now turn to a more general situation where f M N K is of the form (3.1), but with the gauge group G having some U (1) factors. Suppose, the gauge group is of the form
where G 0 is semi-simple and embedded into O(n − p). If we split the indices accordingly, α = (α,ᾱ), with α = 1, . . . , p andᾱ = 1, . . . , n − p, the non-vanishing components of f M N K are given by the structure constants fᾱβγ of G 0 . The constraint (3.5) implies in this case only ∂ᾱ = 0, i.e., that the fields are independent of the n − p coordinates yᾱ. The unbroken Tduality group is, however, given by O(D, D + p) and thus larger than in the previous example. Therefore, as in the above discussion of the abelian case, these transformations can be used in order to rotate into a T-duality frame in which the fields are both independent ofx i but also of the remaining p coordinates y α . Thus, the constraints and residual T-duality transformations are again sufficient in order to remove the dependence onx and y.
We finally note that by virtue of the O(D, D + n) covariance of the constraints any f M N K obtained from (3.1) by a duality transformation also solves the constraints. Presumably, these 3 Any compact n-dimensional Lie group G can be canonically embedded into SO(n). If we denote the generators of so(n) by K αβ = −K βα , the generators t α of G are embedded as
have to be regarded as physically equivalent to (3.1) and thereby to the conventional lowenergy action of heterotic string theory. It remains to be investigated, however, whether there are different solutions to the constraints. This is particularly interesting in the context of (generalized) Kaluza-Klein compactifications, where the fields are independent of some of the x i and for which the differential constraints may allow for more general solutions. We leave this to future work.
Frame formulation
Here, we reformulate the above results in a frame-like language in order to make contact with the formalism developed by Siegel [18] , as has been done in [6] for the double field theory extension of the bosonic string. We first discuss the abelian case, which is straightforward, and then turn to the non-abelian case which requires an extension of the formalism. The non-abelian case was already mentioned by Siegel in [20] . Specifically, this reference discusses a modification of the coefficients of anholonomy and a corresponding deformation of the C-bracket, and these results coincide with our results given in eqs. (5.11) and (5.12) below.
Frame fields and coset formulation
The basic field in the formalism of Siegel is a vielbein or frame field e A M that is a vector under gauge transformations parameterized by ξ M and which is subject to local tangent space transformations indicated by the flat index A. In the present case, the tangent space group is GL(D) × GL(D + n) and the index splits as A = (a,ā). Using the frame field and η M N , one can define a tangent-space metric of signature (D, D + n), 1) and the frame field is constrained to satisfy
Starting from this frame field and the local tangent space symmetry, one may introduce connections for this gauge symmetry, impose covariant constraints and construct invariant generalizations of the Ricci tensor and scalar curvature. Rather than repeating this construction here, we will just mention in the following the new aspects in the case of the heterotic string theory and refer to [18] and [6] for more details.
The generalized metric can be defined as follows
where the equivalence of the two definitions is a consequence of the constraint (5.2). Next, it is convenient to gauge-fix the tangent space symmetry by setting G AB equal to η M N (up to a similarity transformation, c.f. the discussion after eq. (5.22) in [4] ), such that (5.1) and (5.3) imply [4] 
, in analogy to the structure appearing in dimensional reduction of heterotic supergravity [21] . Fixing the local symmetry further, one may give explicit parametrizations of the frame field e A M in terms of the physical fields that give rise to the form (2.11) of H M N according to (5.4), see, e.g., eq. (4.12) in [21] .
We turn now to the definition of the scalar curvature R that can be used to define an invariant action as in (3.22) . It can be written in terms of 'generalized coefficients of anholonomy' Ω AB C that are defined via the C-bracket (2.26), 6) where e A = e A M ∂ M , one obtains explicitly
Here we used that the gauge condition implies that G AB is constant and therefore h ABC = −h ACB from the definition (5.6). Finally, defining In [6] it has been verified that starting from this expression for R and using the definition of H M N in terms of the frame fields, this reduces precisely to the form given above in (3.23), up to an overall factor of 4. This proof immediately generalizes to the abelian case of the heterotic string, as all expressions, including the definition (5.3) of H M N , are formally the same.
Non-abelian extension
Let us now turn to the non-abelian generalization, which has also been mentioned in [20] . A natural starting point is the deformed bracket (3.16) of gauge transformations. We further generalize the coefficients of anholonomy by defining
By (3.16) and (5.5) this implies
where we introduced structure constants with flattened indices. The f -bracket of two vectors that transform covariantly under the deformed gauge transformations transforms covariantly in the same sense, i.e.,
To see this, we recall from [6] that the C-bracket is invariant under the generalized Lie derivative. Thus, it remains to be shown that the non-covariant part of the variation of the C-bracket due to the deformed gauge variation cancels against the variation of the new term in the f -bracket. As in the proof of gauge invariance of the action above, we denote the non-covariant part of the variation by ∆ ξ and compute
Using the constraint (3.5), it is straightforward to verify that this can be rewritten as
The second term here is precisely cancelled by the non-covariant variation of the f -dependent term in the f -bracket, which finally proves the covariance relation (5.12).
Next, we discuss the extension of the scalar curvature (5.9). Given the covariance of the f -bracket, it follows from (5.10) that Ω is a scalar under ξ M transformations, while its frame transformations are as in the abelian case. Therefore, if we replace in (5.9) Ω by Ω, the resulting expression will also be a scalar. In the following we will show that R f := e aΩ a + 1 2Ω 
Finally, combining all contributions, they agree precisely with the required form in terms of H M N , up to the same overall factor of 4 that arises in the abelian case, c.f. [6] .
Conclusions and Outlook
In this paper we have extended the double field theory formulation of [4] to the low-energy action of the heterotic string, which features extra non-abelian gauge fields. These extra gauge fields neatly assemble with the massless fields of closed bosonic string theory into an enlarged generalized metric that transforms covariantly under the enhanced T-duality group O(D, D + n) and thereby represent a further 'unification'. For the abelian subsector, the action takes the same structural form as for the bosonic string, but based on the enlarged generalized metric. In the non-abelian case, the T-duality group is broken to a subgroup, but interestingly the action can still be written in a covariant fashion, with new couplings which are precisely analogous to those encountered in lower-dimensional gauged supergravities. These new couplings are parametrized by a tensor f M N K , and any such tensor satisfying a number of covariant constraints defines a consistent deformation of the abelian theory. This means that rather than having a proper global O(D, D + n) symmetry, there is an action of this group on the 'space of consistent deformations' of the abelian theory. Whether this space consists of a single O(D, D + n) orbit or whether there are more general solutions to the constraints that are inequivalent to (3.1) (and thereby to the conventional Yang-Mills-type theory) remains to be seen.
Several aspects of these results deserve further investigations. First, the gauge algebra gives rise to a generalization of the Courant bracket when the dependence on the extra coordinates is dropped such that the additional gauge structure enters non-trivially. While extensions of the Courant bracket have been studied in the literature, especially in the context of 'exceptional generalized geometry' (see, e.g., [30, 31] ), we are not aware of investigations of the structures discussed here, and so it would be interesting to further study their mathematical aspects. Moreover, general properties of gauged supergravities feature prominently in the literature on 'non-geometric compactifications' (see, e.g., [27] ) as the most general gauged supergravities cannot be obtained by any conventional Kaluza-Klein type reduction from higher-dimensional theories, therefore requiring a sufficiently 'non-geometric' novel framework. As the construction presented here exhibits several features reminiscent to gauged supergravity prior to any dimensional reduction, one might expect that this theory can provide such a framework. We hope to return to these issues in the near future.
